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The Bleed Off Perfusion Term in the 
Weinbaum-Jiji Bioheat Equation 
S. Weinbaum,1 L. M. Jiji,1 and D. E. Lemons2 
The microvascular organization and thermal equilibration of 
the primary and secondary arteries and veins that comprise 
the bleed off circulation to the muscle fibers from the parent 
countercurrent supply artery and veins are analyzed. The blood 
perfusion heat source term in the tissue energy equation is 
shown to be related to this vascular organization and to undergo 
a fundamental change in behavior as one proceeds from the 
more peripheral tissue, where the perfusion term is propor-
tional to the Ta - T„ difference in the parent supply vessels, 
to the deeper tissue layers where the bleed off vessels themselves 
form a branching countercurrent system for each muscle tissue 
cylinder and the venous return temperature can vary between 
the local tissue temperature and Ta. The consequences of this 
change in behavior are examined for the Weinbaum-Jiji bio-
heat equation and a modified expression for the effective con-
ductivity of perfused tissue is derived for countercurrent bleed 
off exchange. 
Introduction 
In the original formulation of the Weinbaum-Jiji equation 
for peripheral tissue heat transfer [1] it was assumed that blood 
leaving the parent countercurrent artery, after passing through 
the small bleed off arteries, capillaries and venules that con-
nected the countercurrent artery and veins of the parent supply 
vessels, would return to the parent countercurrent vein at a 
temperature close to its average wall temperature T„. This 
behavior could be anticipated if the thermal relaxation length 
of these small bleed off vessels (terminal arteries and veins), 
which were assumed to be between 20 and 50 jtm, was small 
compared to the conduction length scale of the thermal dis-
turbance in the cross-sectional plane associated with the much 
larger countercurrent vein, see [2]. In this short communication 
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we shall examine the changes in microvascular architecture 
that occur as these bleed off vessels become larger in the deeper 
muscle layers and the changes in the Weinbaum-Jiji equation 
that would result if the venous return temperature Tvo ^ T„. 
The starting point for the derivation of the W-J equation is 
a tissue energy equation 
dd 
pc—-V'kv6 = n(qa-qv)+2-KPcnag(Ta-TV0)+qm (1) 
which contains three source terms on its right-hand side. In 
order, these terms describe the net conduction loss to the tissue 
from the artery-vein pairs of the parent arcade, the local bleed 
off (perfusion) heat source from the bleed off vessels, and 
metabolic heat generation. The important difference between 
Eq. (1) and Eq. (17) in [1] is that the perfusion heat source 
term in the original formulation was proportional to Ta — Tv, 
whereas in (1) it is proportional to Ta - T„0. The treatment 
of the deviation between Tv and Tvo is subtle and involves a 
closer examination of the microvascular architecture of the 
bleed off vessels and their thermal equilibration length. For 
convenience we have neglected the difference between the av-
erage wall and bulk temperatures in defining Ta and T„ in (1). 
This can be easily accounted for by introducing a finite Nusselt 
number Nu for the primary countercurrent vessels. In [3] it 
has recently been shown that in the primary countercurrent 
vessels Nu has a constant value, 48/11, for any slowly varying 
axial variation of Ta and T„ that lies outside the entrance region. 
This value is the same as for a fully developed temperature 
profile in a single pipe with constant heat flux to the environ-
ment. This result is somewhat surprising since the theory in 
[3] is for an imperfect countercurrent heat exchanger with an 
arbitrary, nonlinear axial temperature gradient and also con-
siders the angular nonuniformity in wall temperature of the 
vessels. 
Expression for Tv o 
The expression for the venous return temperature of the 
bleed off venules can be written more generally as 
TV0 = 6 + P(Ta-9) (2) 
where (3 is a thermal equilibration parameter which depends 
on bleed off vessel geometry and flow. Before examining the 
relationship for /3, we note that when /3 = 1, (2) reduces to 
Tvo = Ta and when 0 = 0, Tvo = 6. Thus, when /3 = 1 the 
bleed off source term in (1) vanishes. This would correspond 
to bleed off vessels that functioned as a perfect countercurrent 
heat exchanger in which all the heat from the countercurrent 
bleed off arteriole was conducted into an adjacent counter-
current bleed off venule. When /3 = 0 the source term in (1) 
reduces to a Pennes type source term in which there is no 
countercurrent rewarming in the bleed off venules and the 
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Fig. 1 Macro and micro-vascular arrangement in the thin cat tenuis-
simus muscle (top of drawing) and the thick biceps femoris (BF). Terminal 
arterioles and venules (t) which are 20-50 jim in diameter branch at a 
spacing of approximately 1 -1.5 mm from the secondary vessels (s) which 
are 50-100 ^m in diameter. These arise at about 1 -2 mm from each other 
from the primary arteries and veins (P) which are 100-300 /im in diameter. 
The primary arteries and veins arise at a spacing of 1-2 cm from the 
main supply artery and vein (SAV) which are 300-1000 n<n in diameter. 
Capillaries (c) are distributed throughout but are shown in only a few 
locations. From [8] with permission. 
blood returns to the primary countercurrent vein at the local 
tissue temperature. A third important situation is /3 = — 1, 
where (2) reduces to Tv0 = 20 - Ta. However, it has been 
shown from asymptotic analysis [2, 4, 5] that if the thermal 
equilibration parameter e = iraPe/loL is small in the primary 
countercurrent artery-vein pair, 6 to 0(e2) will be given by (Ta 
+ T„)./2 and the previous expression for Tvo, to this same 
order in e, becomes Tuo = Tv. The perfusion source term in 
(1) then reduces to the original formulation, Eq. (17) in [1]. 
Numerical solutions for a simplified set of one-dimensional 
model equations [6] and recent three-dimensional finite dif-
ference solutions with axial conduction included [7] indicate 
that this approximation is well satisfied for e < 0.3. 
Vascular Architecture of Bleed Off Circulation 
We shall first examine the vessel geometry and flow con-
ditions that determine j3. In Fig. 1 we have reproduced from 
[8] the vascular arrangement for the blood supply to the basic 
muscle unit, a tissue cylinder of approximately 1 mm diameter 
that runs the length of the muscle and is roughly parallel to 
the surface of the limb. Each muscle tissue cylinder is com-
prised of many individual muscle fibers of approximately 40 
ftm diameter which are fed by a transverse system of terminal 
arteries and veins (?) that run perpendicular to the axis of the 
muscle tissue cylinders. The basic muscle tissue cylinder unit 
is the same whether it lies in deep or more peripheral muscle 
tissue layers. Its supply comes from a branching countercurrent 
network of supply vessels (SAV) that originate in the large 
axial vessels of the limb. These supply vessels are the parent 
vessels that provide for the countercurrent heat exchange in 
the Weinbaum-Jiji equation. 
The bleed-off circulation to each muscle tissue cylinder is 
achieved through a network of primary (P) and secondary 
arteries and countercurrent veins (s). The relatively short pri-
mary arteries (100 to 300 ftm dia) run obliquely across the 
muscle tissue cylinders and after one to three generations of 
branching feed secondary arteries of 50-100 /xm diameter that 
run along the central axis of each tissue cylinder. The length 
of these secondary vessels is equal to the spacing of the primary 
countercurrent pairs (P) along the axis of the parent supply 
vessels (SAV) and varies between 5 and 15 mm. Each paired 
secondary artery and vein supplies a roughly periodic array of 
terminal arteries and veins (t) that spread radially in all direc-
tions and then feed the capillary beds that run parallel to the 
individual muscle fibers that comprise the muscle tissue cyl-
inder and are themselves parallel to the axis of this cylinder. 
Since the perpendicular distance of the secondary bleed off 
vessels from the supply vessels is only 1 to 3 mm, and this 
distance is small compared to the radius of the limb, the bleed 
off circulation can be viewed as a local largely lateral circu-
lation parallel to the skin surface in which the blood leaves 
the supply artery at temperature Ta and returns at temperature 
Tvo. The vascular casts in [9] indicate that the paired arterioles 
and venules diverse rapidly from the countercurrent config-
uration at the level of the terminal arteries and veins where 
the vessel dimensions vary between 20 and 50 /jm diameter. 
In the original formulation of the Weinbaum-Jiji equation 
[1] the authors only attempted to describe peripheral tissue 
which was within one to two cm of the skin surface. Figure 6 
in [9], which provided the ultrastructural basis for this for-
mulation, resembles somewhat the sketch for the bleed off 
circulation in Fig. 1. This occurs because final generations of 
branching of the supply arteries and veins (SAV), when they 
reach the peripheral tissue layer, become themselves the pri-
mary and secondary vessels shown in Fig. 1 for the more 
superficial layers of the subcutaneous muscle tissue. As noted 
in [1], the initial diameter, 300 ̂ m, of the paired countercurrent 
supply vessels at the base of the peripheral tissue layer, is of 
the same dimensions as the largest primary vessels in Fig. 1. 
The lateral bleed off sketched in Fig. 1 can, therefore, be viewed 
as a repetitive unit that is required to form the space filling 
network beneath the peripheral tissue layer. 
The theory for the peripheral tissue in [1] considers each 
individual branching in the last 5 or 6 generations of the parent 
supply vessels, since these are the largest vessels in this layer, 
and assumes that the bleed off from the supply arteries and 
veins in this layer are primarily divergent terminal arteries and 
veins (0, see Figs. 2 and 3 in [9]. However, for the deeper 
tissue layers, the lateral bleed off must be treated as a smaller 
branching countercurrent circulation as shown in Fig. 1, since 
the supply vessels are part of a larger countercurrent vessel 
arrangement. Several investigators [9-11] have shown that the 
small terminal vessels (t) are in local thermal equilibrium with 
the tissue since their thermal equilibrium length Le is « than 
their length. As discussed in [2] Le is also small compared to 
the decay length of the thermal disturbance surrounding the 
parent countercurrent vein with the result that Tvo » Tv. The 
terminal bleed off vessels in the peripheral tissue thus corre-
spond to (3 = - 1 and Eq. (1) reduces to the original for-
mulation of the Weinbaum-Jiji equation for peripheral tissue 
in [1]. 
The lateral bleed off shown in Fig. 1 has not been considered 
previously. The thermal equilibration of these larger counter-
current bleed off arteries and veins is governed by the same 
equilibration parameter e = iraPe/2oL defined previously for 
the parent supply vessels. The requirement for nearly complete 
countercurrent exchange is again that e < 0.3, in which case 
( 3 = 1 . Kamiya et al. [12] has demonstrated that one of the 
intriguing features of the vasculature is that vessels throughout 
the arterial side of the circulation grow to dimensions such 
that their wall shear stress remains constant. This implies that 
the mass flow m at a point in the parent supply vessels, where 
the vessel pairs have a diameter Dp, will be the same as at a 
point in the bleed off circulation where the diameter of the 
bleed off vessels Db = Dp. Since e can also be written as e = 
mcb/akL, e will also be approximately the same in the bleed 
off and parent vessels if Db = Dp. For normal resting con-
ditions Charny et al. [6] have calculated that vessels of 300 
ixm. diameter or less in the parent supply will have values of e 
< 0.2. Since this is also roughly the size of the largest primary 
bleed off vessels (P) feeding the muscle tissue cylinders in Fig. 
1, the entire bleed off circulation will have values of e < 0.2 
for resting conditions and /3 = 1 in (2). For this case the muscle 
tissue of the limb can be qualitatively divided into two layers, 
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a peripheral tissue layer where the parent supply vessels are 
< 300 jum, treated separately down to 50 ^m diameter and B 
= - 1 and a deep tissue layer where the parent supply vessels 
are > 300 //.m, the bleed off treated as countercurrent and B 
= 1. This division in behavior is, of course, not exact, but 
intended only as a simple useful approximation for modeling 
a limb at resting conditions. 
An important feature of nearly perfect countercurrent ex-
change between equal sized vessels when 8 = 1 is that the local 
axial temperature gradients in the countercurrent bleed off 
arterioles and venules are nearly equal. Therefore, if thermal 
equilibration with the tissue is achieved in the distal regions 
of the secondary arteries and veins (s) when they diminish in 
size to less than 50 /un, the bleed off artery and vein temper-
atures will be nearly the same everywhere. This is the reason 
that Tvo ~ Ta and the blood perfusion term in (1) vanishes 
for these conditions. However, at increased flow rates during 
exercise or under conditions of hyperthermia, e in both the 
supply vessels (SAV) and the bleed off vessels can increase by 
an order of magnitude or more. The criterion for large devia-
tions from countercurrent exchange, e > 0.3, can be exceeded 
in vessels that are as small as 100 (jm, the size of the secondary 
bleed off vessels (s). 8 in this case will deviate significantly 
from unity throughout the deep tissue layer. For conditions 
of strenuous exercise, e in the primary vessels (P) of the bleed 
off circulation can become as large as 10, countercurrent ex-
change will be greatly reduced, and 8 will approach zero (Tvo 
= 6). Under these conditions the blood perfusion term in (1) 
will dominate the conduction source term and the traditional 
Pennes type bioheat equation will be valid throughout the deep 
tissue layer. These arguments provide the rationale for the 
simple "hybrid" model proposed in Zhu et al. [13], in which 
a Pennes equation and Weinbaum-Jiji equation are applied in 
regions where e is > or < 0.3 in that order, for predicting 
the radial variation of the tissue temperature in a human arm. 
A more accurate model would allow 8 to vary from 0 to 1 in 
the deep tissue layer and relate 8 to the value of e in the bleed 
off circulation. 
50 , „ 
pc —— V 'kvd = 
at 
• irpcna< u — (T„ 
ds 
•Tv)+2irpcnag(Ta-T„) (5) 
Equation (5) is identical to Eq. (20) in the original formu-
lation of the Weinbaum-Jiji Eq. [1], since written in this form 
the Tm terms in (1) and (4) cancel and the source terms on the 
right-hand side of (5) can be written solely in terms of the local 
difference. The basic tissue energy equation from 
which the Weinbaum-Jiji equation is derived is, therefore, 
unaltered. The approximate expression relating Ta - T„ and 
the local tissue temperature gradient dd/ds, however, will 
change if one considers the countercurrent bleed off geometry 
in Fig. 1, since Eq. (4) for q„, which is used in deriving this 
expression for Ta - T„, is different. Before deriving this new 
result, we note that this modified form of the Weinbaum-Jiji 
equation will be valid only if 8 = 1. Since the limit of validity 
of the Weinbaum-Jiji equation requires that e be < 0.3 in the 
larger parent supply vessels (SAV), e in the bleed off vessels 
will be « 1 for these conditions and nearly perfect counter-
current exchange is achieved. While 8 = 1 is a reasonable 
approximation for the entire deep muscle layer of a limb for 
resting conditions, as discussed previously, the limitation that 
e be < 0.3 in the parent supply vessels is a more stringent 
condition and thus, this criterion becomes the limiting con-
dition for the applicability of the modified form of the Wein-
baum-Jiji equation derived below. 
As shown in [4] and [6] the simplifying approximation used 
in relating Ta - T„ and dd/ds is that the gradient of the average 
artery-vein temperature {Ta - T„)/2 be equal to the gradient 
of 8 in the tissue source terms. The asymptotic analysis in [4] 
shows that this approximation is valid to 0(e2) for e « 1 and 
thus is a good approximation whenever there is nearly perfect 
countercurrent exchange in the parent arcade. If Eqs. (3) and 
(4) are added and this approximation used, one obtains 
2 dB 
la + Qv = ~ 2-wpccru — + 2-wpcag (T„ - Tm ds (6) 
Tissue Energy Equation for Tvo ^ Tv 
We next wish to examine how the Weinbaum-Jiji equation 
is modified in the deeper tissue layers corresponding to Fig. 1 
where 0 < 8 < 1. We first examine the tissue source terms 
for the countercurrent arteries and veins of the primary arcade 
separately. Equation (15) in [1] for the parent arteries is un-
changed, 
d , 
irpc — (naruT„) = -nqa-2rpcnagTa (3) 
ds 
whereas, Eq. (16) must be changed to 
d , 
irpc — (nctuTv) =-nqv- 2-KpcnagTv0 (4) 
ds 
to account for the fact that the return temperature of the bleed 
off venule Tvo ^ Tv. Equations (3) and (4) equate the axial 
gradient in total energy of the arteries or the veins per unit 
tissue volume to the sum of the conduction heat transfer through 
the walls of the vessels and the convective bleed off from the 
arteries or into the veins, respectively. qa could be further 
divided into two components, the heat reentering the coun-
tercurrent vein and the net heat loss to the surrounding tissue, 
and similarly qv [5, 14]. Equation (4) when subtracted from 
(3) provides an expression for the net conduction source term 
n{qa - qv) in (!)• Substituting this expression in (1) yields 
However, for nearly perfect countercurrent exchange qa and 
q„ are nearly equal and their sum must be nearly twice the heat 
exchange between the vessels. Thus, 
qa+qv~2ok(Ta-Tv) (7) 
Equating (6) and (7) and requiring that Tvo = Ta since 8 = 
1, one obtains 
•wpccfu dd 
T —T = • 
ok + irpcag ds 
(8) 
Equation (8) is the modified expression for Ta — T„ when 8 
= 1 that replaces Eq. (25) in the original derivation of the 
Weinbaum-Jiji equation for peripheral tissue where 8 = - 1. 
One can readily show that the coefficient of dd/ds in (8) reduces 
to e when there is no bleed off, g = 0, and the resulting 
expression for Ta — Tv is then the same as was obtained 
previously for the case 8 = - 1. Equation (8) when substituted 
in (5) and simplified following the same procedure outlined in 
[1] leads to the following expression for (A:,y)eff: 
(kt\ ( irpccfu \ 
'i'J (kij)e{s = k dij + na\j ok + irpcag 
(9) 
The presence of countercurrent exchange in the bleed off ves-
sels in Fig. 1 thus reduces the effective conductivity of the 
tissue relative to the bleed-off in the peripheral tissue where B 
= - 1 since the bleed off source term in Eq. (1) vanishes. 
Journal of Biomechanical Engineering NOVEMBER 1992, Vol. 114 / 541 Downloaded From: https://biomechanical.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
Discussion 
The modified expressions for Ta - Tv and (ky)et{ in (8) and 
(9) are of somewhat limited usefulness in whole limb heat 
transfer, since the Weinbaum-Jiji equation is restricted by the 
condition e < 0.3 in the parent supply vessels. Only for supine 
resting conditions at very low blood flow rates will this con-
dition be satisfied for vessels > 250-300 ftm diameter. At these 
low flow conditions the calculations in [6] indicate that e < 
0.3 could be satisfied for vessels as large 500 ion. Table 1 in 
[6] indicates that there will be a small intermediate region 
between the peripheral tissue and the deep tissue in the second 
generation of branching where results (8) and (9) could be 
expected to apply for low flow conditions. The insights ob-
tained from the present analysis suggest two improved models 
for the radial variation of the effective conductivity in whole 
limb heat transfer: (i) a "hybrid" model in which the Pennes 
or Weinbaum-Jiji equations are applied, depending on whether 
e > or < 0.3 or (ii) a more sophisticated model in which the 
region e > 0.3 in the parent supply vessels is described by Eqs. 
(3), (4), and (5) with a value of j3 that is related to the average 
value of e in the countercurrent bleed-off vessels and matches 
with the Weinbaum-Jiji equation in the region e < 0.3 for the 
parent supply vessels. 
This research was supported by NSF grant GBT-8702582 
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The Variation of Isometric Energy 
Rates With Muscle Length: A 
Distribution-Moment Model Analysis 
E. Rouhaucl and G. I. Zahalak 
The Distribution-Moment Model of skeletal muscle, which 
has been enhanced recently to make possible the calculation 
of chemical energy release (E) and heat production (H) 
rates [1], is applied to isometric muscle. Under steady-state 
isometric conditions the model predicts a simple relation be-
tween the energy rates and the muscle length, namely 
(E/E„,„) = (H/H,„„) = [1 + Ba(A)]/[l + B], 
where A is the ratio of muscle length to the "optimal" 
length at which maximal isometric tension is produced, and 
a (A) is a function numerically equal to the ratio of the te-
tanic isometric force to its maximum value. The single di-
mension/ess constant in this relation, B, can be calculated 
from model parameters characterizing muscle dynamics at 
the optimum length, and has a value near unity for frog 
sartorius at 0°C. The predicted behavior is shown to agree 
reasonably well with experimental measurements of heat 
production and phosphocreatine (PCr) hydrolysis. The 
model relates the isometric energy rates to PCr hydrolysis in 
(1) cross-bridge interactions, and (2) calcium pumping into 
the sarcoplasmic reticulum. 
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1 Introduction 
In a recently published paper [1] we have presented an en-
hancement of a previously developed model of skeletal muscle 
called the Distribution Moment (DM) Model [2]. This en-
hancement permits the prediction of heat-production and 
chemical energy-release (i.e., heat-plus-work) rates for arbi-
trary histories of stimulation and loading. The main result of 
the theory is a pair of equations which express the energy release 
rate, E, and the heat-production rate, H, as functions of the 
five state variables of the DM model: Q0, Q\, and Q2 (the first 
three moments of the actin-myosin bond-distribution function, 
which are proportional, respectively, to the stiffness, force, 
and elastic energy of the contractile tissue), c (the dimensionless 
sarcoplasmic free calcium concentration), and A (the dimen-
sionless muscle length). In normalized form these two equa-
tions are 
(E/P0Lm)=(Qf>Am)- P0T0 (c/(c + k„,)) 
+ w g o , e>, Qi, c, A)+h{f>a-c/c*)X(t) 
- TO \c/{c + km))- c) + P4Q0 - - yQ2 (1) 
and 
(H/PoLm) = (E/PoLm) + ( Q f i m )-
l(QlA-KQiQ1). (2) 
The reader is referred to the cited papers for detailed ex-
planation and parameter definitions. In particular, P0 is the 
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